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ABSTRACT 
The only q-subsets of GF(q’) with the property that the difference of any two elements is always 
a square or always a non-square, are the lines of GF(q*), considered as the affine plane AG(2, q). 
INTRODUCTION 
In [l] van Lint and MacWilliams conjecture that the only q-subset X of 
GF(q2), with the properties 0,l EX and x-y is a square for all x,y~X, is the 
set Gflq). For q a prime this is a consequence (due to van Lint and Mac- 
Williams) of a theorem of RCdei, cf. [3] p. 237 Satz 24’. This case was also 
proved in an elementary way by Lovisz and Schrijver [2]. The problem arose 
in an attempt to characterize the vectors of minimum weight in certain qua- 
dratic residue-codes. Throughout this note we assume q odd. 
THE FIELD cF(q*). Let F= GF(q*). Then F can be viewed in a canonical way 
as a two-dimensional vector space over GF(q), or, as the affine plane AG(2, q). 
The lines of this plane are q-subsets of F with the property that the difference 
of two elements is either always a square, or always a non-square, depending 
only on the slope of the line. Thus the lines are partitioned into two classes, S 
and N (for square and non-square type). Through each point of AG(2, q) there 
pass (q+ 1)/2 lines of S and (q+ 1)/2 lines of N. Hence on an arbitrary line 1 
of S not passing through 0, there are (q+ 1)/2 non-squares (since the line 
parallel to 1 containing the origin is also in S). 
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Let XCF be a set of points such that all differences are squares. Call such 
a set special. Then aX is also special if a is a square (and “anti-special” if a 
is a non-square), and X+ a is special for all a. We will consider special q-sets 
containing 0. 
NOTATION. Let ok(X) denote the kth elementary symmetric function of the 
(finite) set X, i.e., 
1x1 
xvx (1 +x0 = c Gw. 
k=O 
Furthermore, if 0 E X, let X0 : =X \ (0). 
THEOREM. Let X be a special q-set. Then X is a line in S. 
The proof will be established in a series of lemmas. Assume OEX. (If not then 
a translation of X will do). 
Let 
f(t): = .,“x U-x). 
0 
LEMMA 1. X is a line iff 
f(t)=@+ n x. 
XEX, 
PROOF. (a) A line through 0 looks like {ialieGF(q)}. 
(e) Iff(t)=f*-l+ nx then x4-‘=yq-’ for x,yEXc. 0 
Since 
q-1 
f(t)= c (- l)%k(xe)tq-‘-k 
k=O 
it suffices to show that ak(XO) = 0 if 0 <k< q - 1. 
Let A be a set of (q + 1)/2 non-squares such that a - b is a square for a, b E A. 
(An example of such a set is the collection of non-squares on a line in S, not 
through the origin.) Call such a set extra-special. 
LEMMA 2. Let A be any extra-special set and X a special q-set containing 0. 
Then A .X0 = {ax la E A, XE X0} is the set of all non-squares in F. 
PROOF. Obviously A .X0 contains only non-squares. Since there are +(q2 - 1) 
products ax involved it remains to show that all are different. Suppose ax= by 
(with a, b EA and x,y E X). Then (a - b)x= b(y -x) and (a - b)x is a square 
while b(y -x) is not, unless y =x, but then also a = b. cl 
Let 
f,(t): = fl (t-ax) for aEA. 
XSX, 
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LEMMA 3. 
.FA f,(t) = t+@ l) + 1. 
PROOF. 
fl f,(t)= JA (t-ax)= fl (t-n)=t++‘)+ 1. 0 
UEA IIEF 
XCX, n=m 
LEMMA 4. ak(Xo)=O if O<kl+(q- 1). 
PROOF. Let m s+(q - 1) be the smallest positive integer with the property 
a,(X) #0, if such an m exists. Then 
f,(t) = tq-' + (- l)mamo,(X0)t4-m-’ + terms of lower degree. 
As a consequence: 
rlA f,(t) = tf@- l) + (- l)m( .?A am)am(X&+(q2- l)-m + 
+ terms of lower degree. 
Since 
JJ f,(t) = t+@ I) + 1 
i lEA 
and a,(XO)#O it follows that 
C am = 0 for all extra-special sets A. 
IlEA 
Let A@) = {u’la EA}. Then it is easy to see that A(-‘) and Acq) are extra- 
special if A is. Hence also Atmq) is extra-special and we have: 
Ca -qm=o. 
UEA 
Since a+@r) = - 1 for all a E A we finally have: 
C &-r)-qm = 0 for all extra-special sets A. 
(IEA 
Let tEGF(q’)\GF(q) and takeA={t+i~i~Gflq),t+i=EZl}. Then 
0=2 iE;flq, (t+i)*(qZ-I)-qm= 
t+i=m 
= ia;Rq) (t+i)j(q2-‘)-qm- C (t+i)q2-1-qm= :F(t). 
i E GfW 
The polynomial F(t) vanishes for all t E GF(q’) \ Gflq) and since it has degree 
less than q2-q it follows that F(t) is identically zero. 
Consider the coefficient of tq2-qm-q in F(t): 
(“‘,~~-‘) iEzflq, iq-‘=O. 
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But 
(“‘,~~-‘>-1 (mod@ and iE;flqj iq-‘=q-1=-l (modp). 
Here p is the characteristic of GF(q). 
This contradiction proves Lemma 4. 0 
To finish the proof of the theorem observe that Xi- ‘)U (0) is also special, 
and as a consequence: 
~J,-~-,(X~)= xFx x-a,(X~-‘I)=0 if O<m<+(q- 1). 
0 
Hence a,(X)=0 for all O<m<q- 1, and 
f(t)=W+ fl x. 
XSX, 
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